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Abstract
It is empirically established that order flow in the financial markets is
positively auto-correlated and can serve as an example of a social system
with long-range memory. Nevertheless, widely used long-range memory
estimators give varying values of the Hurst exponent. We propose the burst
and inter-burst duration statistical analysis as one more test of long-range
memory and implement it with the limit order book data comparing it
with other widely used estimators. This method gives a more reliable
evaluation of the Hurst exponent independent of the stock in consideration
or time definition used. Results strengthen the expectation that burst and
inter-burst duration analysis can serve as a better method to investigate
the property of long-range memory.
1 Introduction
The long-range memory in natural and social systems ranges from the level
of rivers to the financial markets. The vast amount of empirical data and
observed power-law statistical properties of volatility and trading activity in
the financial markets are still among the most mysterious features attracting
the permanent attention of researchers [1–5]. From our point of view, the
definition of long-range memory based on the self-similarity and power-law
statistical properties are ambiguous as Markov processes can exhibit all these
properties, including slowly decaying autocorrelation [6–9]. Econometricians
tend to conclude that the statistical analysis, in general, cannot be expected
to provide a definite answer concerning the presence or absence of long-range
memory in asset price return [10–12]. Nevertheless, it is widely accepted that the
volatility of prices exhibits long-range memory properties. Thus the alternative
models, such as FIGARCH, FIEGARCH, LM-ARCH and ARFIMA, including
fractional Brownian noise (fBn), have been proposed for the volatility in the
financial markets [1, 13–18].
Earlier we have proposed an agent-based model, macroscopic dynamics of
which can be reduced to a set of stochastic differential equations (SDEs) able
1
ar
X
iv
:2
00
6.
00
59
6v
1 
 [q
-fi
n.S
T]
  3
1 M
ay
 20
20
to precisely reproduce empirical probability density function (PDF) and power
spectral density (PSD) of absolute return [19,20] as well as scaling behavior of
volatility return intervals [21]. Later, investigating empirical PDF of burst and
inter-burst duration compared with the model properties we have explained the
so-called long-range memory in the financial markets by ordinary non-linear SDEs
representing multifractal stochastic processes with non-stationary increments
[22, 23]. The proposed description is a realistic alternative to the modeling
incorporating fractional Brownian motion (fBm) and might be applicable in
the modeling of other social systems, where models of opinion or populations
dynamics lead to the macroscopic description by the non-linear SDEs [24].
From our perspective, there is a fundamental problem empirically establishing
which of the possible alternatives, fBm or stochastic processes with non-stationary
increments, is most well-suited to describe natural and social systems exhibiting
power-law statistical properties and self-similarity. Our first idea was to employ
the dependence of first passage time PDF on Hurst parameter H for the fBm
[22,23,25, 26] in the empirical analysis of long-range memory properties for the
volatility in the financial markets.
As was shown in the empirical analysis of order flow in the financial markets,
there is strong evidence of the persistence of the order signs [27–29]. Authors
employed the main statistical methods to evaluate the Hurst exponent of the
order flow time series and have found that, in most cases H ' 0.7. Here we
investigate burst and inter-burst duration statistical properties of order dis-
balance time series seeking to confirm or reject the long-range memory in the
order flow.
The rest of this paper is organized as follows. First, we describe methods
used to evaluate the property of long-range memory. Second, we describe used
data sources of limit order books (LOB) and define order dis-balance time series.
Further, we apply our methods to the data and demonstrate the advantages of
burst and inter-burst duration analysis. In the concluding part, we discuss the
results and summarize findings.
2 Methods
The most widespread definition of long-range memory is based on the power-law
autocovariance
γ(τ) ∼ τ−αL(τ) (1)
with divergent integral in the limit τ →∞, where 0 < α < 1 and L(x) is a slowly
varying function at infinity. This power-law behavior of autocovariance is related
to the self-similarity and other power-law statistical properties. Thus, the Hurst
exponent H, parameter of self-similarity, is also essential in long-range memory
theory, where H = 1− α/2. For the short-memory Markov processes H = 1/2
and the positively correlated long-memory process 0.5 < H < 1. This definition
of long-range memory is ambiguous, when one deals with the real-time series
finite in length, as Markov processes in some regions of variables can generate
power-law statistical properties as well.
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The Hurst exponent is a universal parameter of self-similarity. It defines the
relation of the standard deviation to the time t, tHL(t), where H = 1/2 only in
the cases when stochastic increments are not correlated. Yet another equivalent
definition of the long-range memory is used in terms of the spectral density for
low frequencies
S(f) = f1−2HL(f), (2)
where f is the frequency, and L(f) is a slowly varying function in the limit
f → 0. Notice that this last condition has the same constrain related to the
requirement of time series infinite in time.
There are many different methods to evaluate H from empirical time series.
Authors seek to combine different methods to increase the reliability of results.
In this paper we will use three well known Hurst exponent estimators described
bellow in comparison with our estimation from the exponent of burst and
inter-burst duration PDF, see for example [22–24].
The first method. Estimation of the spectral density S(f) using the peri-
odogram method
S(f) =
1
2pitn
|
j=n∑
j=1
Xje
itjf |2, (3)
where tj is the time of event – occurrence of value change in the time series Xj
and tn is the length of time series. We evaluate the exponent 1− 2H from the
power-law (2) expected for the low values of the frequency.
The second method is the rescaled range (R/S) method [30]. R/S is a
widely used and described method, in summary, one can divide a time series
X1, X2, ..., XN with equal N − 1 time steps into m subseries each of length
n, (m · n = N), mean ej and standard deviation Sj . Then define cumulative
deviations from the mean xk,j , the range Rj , and the value of rescaled range
(R/S)n
xk,j =
i=k∑
i=1
(Xi,j − ej),
Rj = maxk(xk,j)−mink(xk,j), (4)
(R/S)n =
∑m
j=1Rj/Sj
m
.
We repeat the procedure of (R/S)n calculation for the consecutive n, dividing
the series of data into disjoint intervals and finding the mean value (R/S)n for
each value of n. Finally, we calculate the Hurst exponent H as the slope in the
log-log graph of lg(R/S)n versus lg n.
The third method is the Multifractal Detrended Fluctuation Analysis (MF-
DFA) [31] as a generalized version of Detrended Fluctuation Analysis (DFA) [32].
First, we integrate the initial time series of length N , denote it Xt, and divide
into m boxes of equal length n. In each box j, a least-squares line is fit to the
data giving us Yn(k, j) coordinates of the straight line segments. Then calculate
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variances of deviation from the each trend line F 2(n, j) = 1n
∑m
k=1(Xn(k, j)−
Yn(k, j))
2. Average overall segments to obtain the q-th order fluctuation function
Fq(n) = { 1
m
m∑
j=1
[
F 2(n, j)
] q
2 } 1q . (5)
Finally we calculate the generalized Hurst exponent Hq as the slope in the log-log
graph of lgFq(n) versus lg n.
2.1 Data
We use financial data as the best available time series of a social systems
with expected real long-range memory property. High-frequency, easy to use
limit order book data for all NASDAQ traded stocks is provided by Limit
Order Book System LOBSTER [33]. The limit order book (LOB) data that
LOBSTER reconstructs originates from NASDAQ’s Historical TotalView-ITCH
files (http://nasdaqtrader.com). We have selected only five stocks as LOBSTER
provides AAPL, AMZN, GOOG, INTLC, MSFT as free access sample files of
data for these stocks.
LOBSTER generates two files: message.csv and orderbook.csv for each
selected trading day and ticker (stock). The message.csv file contains the full list
of events causing an update of LOB in the requested price range. We include
orders up to the 10 levels of prices for this research. All events are time-stamped
in seconds with a precision of at least milliseconds and up to the nanoseconds
depending on the selected period. Both files provide exact information about
the instantaneous state of LOB needed to define order dis-balance time series.
Any event j changing the LOB state has a time record tj and 10 values of buy
volumes v+k (tj) as well as sell volumes v
−
k (tj), which are retrieved from LOB
data at any moment. We define order dis-balance time series X(tj) as follows
X(tj) =
∑10
k=1(v
+
k (tj)− v−k (tj))∑10
k=1(v
+
k (tj) + v
−
k (tj))
. (6)
It follows from the definition that order dis-balance time series is bounded and
fluctuates in the interval −1 ≤ X(tj) ≤ 1. It is reasonable to consider that so
defined order dis-balance is a measure of traders opinion about the price and
this empirical time series is an example of opinion dynamics in the social system.
For the application of statistical methods, we have to combine time series
prepared from daily data into series up to the few months. Thus we drop small
parts of daily series X(tj) at the very beginning of the day and at the end
to ensure that daily series start and end with the value X(tj) ' 0. Then we
combine these successive daily intervals into continuing order dis-balance time
series of the needed length.
For this research, we use two types of time series: when the time is measured
in seconds as retrieved from data and when the time is measured in ticks of
events. The event time changes by one tick when any change of order book
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Figure 1: Examples of order dis-balance real-time series. The excerpts of
the second hour of order dis-balance real-time series for four stocks: AAPL,
AMZN, INTC, MSFT traded on the June 21 of 2012 and reconstructed from the
LOBSTER sample data.
state appears. In Fig 1 we demonstrate the one trading hour (the second in the
trading day) excerpt of order dis-balance real-time series. One can observe that
the range of fluctuations is varying for different stocks. The intensity of order
flow ν measured, for example, in the number of events per hour, is varying as
well. Values ν for the stocks AAPL, AMZN, GOOG, INTC, MSFT are {60752,
49903, 25868, 87163, 106258}.
2.2 Burs and inter-burst duration
The most innovative part of this contribution is related to the burst and inter-
burst duration statistical analysis. The scientific motivation to work on the
empirical analysis of burst duration statistics comes from the need for criteria to
discriminate between real long-range memory processes such as fBm and spurious
long-range memory as modeled by the non-linear SDEs [22–24]. The definition of
burst and inter-burst duration is given in Fig 2, for more details, see [22, 24]. In
this contribution, we use the only notation T for burst and inter-burst duration
as differences are not relevant here.
The idea of how to discriminate is based on the PDF of burst and inter-burst
duration T defined for the fBm [22,23,25,26]
P (T ) ∼ TH−2. (7)
Power-law (7) is defined by the Hurst exponent H and any deviation from the
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Figure 2: Definition of burst and inter-burst duration. Excerpt from a generic
time series X(t). Three threshold, hx, passage events, ti, are shown. Thus burst
duration can be defined as t2 − t1, and inter-burst duration can be defined as
t3 − t2.
exponent 3/2 or H = 1/2 should indicate the presence of correlations in the
noise increments and long-range memory. Markov processes should always give
us at least a part of a burst duration PDF as power-law with exponent 3/2. In
the previous work, we have shown that non-linear SDEs, being a macroscopic
description of many agent-based systems or birth-death processes, generate
time series with power-law 3/2 [20, 21, 23, 24, 34]. The non-linear SDEs are in
the background of the stochastic models of trading activity and volatility in
the financial markets and explain power-law statistical and long-range memory
properties, including power-spectral density and auto-correlation [20, 35–37].
This type of spurious long-range memory is a very realistic alternative to the
modeling incorporating fBm. The empirical analysis of burs and inter-burst
duration in the order dis-balance time series should give us an answer about
whether the origin of long-range memory in the order flow is spurious or real.
3 Results
We consider the order dis-balance time series retrieved from LOBSTER data
as described in the previous section and compare the statistical properties of
real-time and event time series. First of all, the complexity of these financial
time series is revealed in the power spectral density (PSD) S(f) calculated from
the periodogram (3). In Fig 3 we demonstrate averaged PSD of real-time series
calculated for the four stocks: AAPL, AMZN, GOOG, INTC. The average of
spectra here is calculated from the 48 daily series in the period from June 26 to
August 31 of 2012.
Note that the PSD is fractured and one can define at least two power-law
S(f) ∼ 1/fβ exponents: β1 for the lower frequencies and β2 for the higher.
From first glance, this property looks similar to the empirical PSD of the return
volatility in the financial markets [20, 21]. In Table 1 we present values of
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Figure 3: Power spectral density of order dis-balance real-time series. The
spectra are calculated by periodogram (3) for the four stocks: AAPL, AMZN,
GOOG, INTC and is averaged over 48 trading days. Straight lines fit the PSD
given on the log-log scale.
Table 1: Power-law exponents of the power spectral density for the five stocks
order dis-balance time series.
Exponents AAPL AMZN GOOG INTC MSFT
β1 0.46 0.65 0.58 0.75 0.60
β2 0.46 0.35 0.31 0.14 0.17
(β1 + β2)/2 0.46 0.50 0.45 0.45 0.39
H 0.73 0.75 0.73 0.73 0.70
exponents evaluated by the log-log linear fit of PSDs for the five stocks, see
fitting lines given in Fig 3.
The straightforward interpretation of PSD and its exponents by the relation
(2) becomes complicated, when we have fractured PSD with different values of
β for the various stocks and frequencies. The fluctuations in order flow intensity,
probably, are important and contribute to the behavior of PSD. In Table 1 we
present the formal estimation of H = (1 + β)/2 using (β1 + β2)/2 instead of
β. Fortunately, this estimation looks reasonable, comparing it with the other
methods given below. Considerable fluctuations in the slopes of PSDs for the
various stocks and time scales implies the need to evaluate Hurst exponent using
other methods.
The second, R/S method to evaluate Hurst exponent gives more definite
results than PSD. We chose the same time steps τ = 200 s in the implementation
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Table 2: Hurst parameter H evaluated by R/S and MDFA methods for the five
stocks order dis-balance real and event time series.
Exponents AAPL AMZN GOOG INTC MSFT
H, τ = 200 s 0.64 0.74 0.69 0.78 0.75
H, τ = 500 ticks 0.59 0.66 0.61
H, τ = 2000 ticks 0.78 0.72
H(2), τ = 200 s 0.59 0.57 0.55 0.64 0.52
H(2), τ = 500 ticks 0.60 0.59 0.58
H(, τ = 2000 ticks 0.64 0.58
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Figure 4: Generalized Hurst exponent of order dis-balance real and event time
series. The generalized Hurst exponent H(q) is calculated using the third method
(5) for the five stocks: AAPL, AMZN, GOOG, INTC, and MSFT. Here the
equal time steps are: τ = 200 s for the real-time series and for the event time
series τ = 500 ticks for the AAPL, AMZN, GOOG stocks, and τ = 2000 ticks
for the INTC, MSFT stocks.
of R/S method for the order dis-balance real-time series. In the case of the event
time series we used τ1 = 500 ticks for the AAPL, AMZN, GOOG stocks and
τ2 = 2000 ticks for the INTC and MSFT stocks. We provide the list of evaluated
H values in Table 2.
Though the values of H in Table 2 are scattered, these numbers are compatible
with the estimation by PSD, other order flow empirical researches [27–29,38] and
confirm the presence of long-range memory. Values of H for the event time series
look slightly lower than for the real-time, but in both cases, they are scattered
around H = 0.7 and confirm findings of other researches.
The multifractal detrended fluctuation analysis is one more essential method
providing us the information whether time series are multifractal or mono-
fractal. This method applies to the non-stationary time series and can be easily
implemented for the analysis of order dis-balance real and event time series. In
Fig 4 we provide results of our calculations described here as the third method.
These results confirm that the order dis-balance real and event time series,
at least for the stocks considered, are mono-fractal as functions H(q) are slowly
varying and almost linear. For both time series H(2) values are in the interval
8
1 2 3 4 5 6
0.3
0.4
0.5
0.6
0.7
0.8
q
H
(q)
Real time
1 2 3 4 5 6
0.3
0.4
0.5
0.6
0.7
0.8
q
H
(q)
Event time
Figure 5: The comparison of generalized Hurst exponent of absolute return and
order dis-balance time series. The generalized Hurst exponent H(q) is calculated
by the third method (5) for the absolute return and order dis-balance real and
event time series of stocks AAPL. Here we used the three different time step
values for the absolute return and one for the order dis-balance time series. In
the real-time sub-figure: (blue) absolute returnτ = 10 s; (green) absolute return
τ = 60 s; (red) absolute return τ = 200 s; (black) order dis-balance τ = 200 s.
In the event time sub-figure: (blue) absolute return τ = 200 ticks ; (green)
absolute return τ = 500 ticks ; (red) absolute return τ = 2000 ticks ; (black)
order dis-balance τ = 2000 ticks.
0.52 ≤ H(2) ≤ 0.64, see Table 2, and are lower than the values we get by the R/S
method. Though the Hurst exponent values for the order dis-balance real and
event time series of the investigated stocks are scattered, we have to conclude
that R/S and MDFA methods give comparable results and confirm the presence
of the long-range memory in the order dis-balance time series.
Many research papers have been devoted to the analyses of multifractality
in the financial data, including absolute return time series [31, 39, 40]. The
question which properties of the financial time series contribute to the multifractal
behavior the most is still open. We compare the generalized Hurst exponent
H(q) evaluated for the absolute return and orders dis-balance real and event
time series of the stock AAPL in Fig 5. The multifractal behavior is evident in
the absolute return real-time series and is very weak for the order dis-balance
real time series. The event time series exhibit almost constant H(q) for both
absolute return and order dis-balance empirical LOB data for the stock AAPL.
Finally, we present our results of the burst and inter-burst duration analysis.
From the R/S and MDFA results, we expect that H ' 0.7 and the PDF of
T should have, at least in some region, a power-law part with the exponent
γ2 = 2−H ' 1.3. We will denote the exponent of another power-law PDF part
by γ1 plotting both lines in the PDF of T log-log plot. Thus in both following
figures the line γ2 = 1.3 is shown to guide the eye after the power-law we are
looking for. In Fig 6 we demonstrate inter-burst duration, T , PDFs for the three
different threshold values of order dis-balance real time series of four stocks:
AAPL, AMZN, GOOG, INTC.
In the middle part of empirical PDFs, calculated as histograms of T from
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Figure 6: Inter-burst duration PDF for the order dis-balance real-time series.
Sub-figures show PDFs of the following stocks: AAPL, AMZN, GOOG, INTC.
Values of thresholds are given in the plot labels of sub-figures. The plots are red
for the lowest thresholds, green for the higher and blue for the highest. Straight
lines, power-laws with exponents γ1 = 0.9 and γ2 = 1.3 guide the eye.
the time series having up to 25 mln. points, can be fitted very well by the
power-law T−1.3. In the region of lower T values PDFs can be approximated by
the power-law with exponent γ1 = 0.9 and in the region of the highest values
one can observe exponential like cut-of as is expected for the fBm or Markov
processes [25, 26, 41]. These results confirm that order dis-balance real time
series, at least for the stocks considered, have long-range memory characterized
by the Hurst exponent approximately equal to 0.7.
Seeking to find whether observed long-range memory is related to the prop-
erties of order flow intensity, we investigate event time series. In Fig 7 we
demonstrate inter-burst duration, T , PDFs for the three different threshold
values of order dis-balance event time series for the same stocks as in Fig 6. In
this case only one power-law with the same exponent γ2 = 1.3 is present.
This result confirms long-range memory for the order dis-balance event time
series with approximately the same Hurst exponent equal to 0.7, and is even
stronger than in the case of real-time series as power-law of PDF spans in the
interval of T values up to the five orders. At the first glance, the defined H
is very stable, being the same for the all considered 5 stocks, including MSFT
and both types of time series. To quantify this stability, we make the numerical
least-square log-log fit of T PDF in the observed region of power-law. Numerical
results are given in Table 3. Numerical values of H are scattered around the
values 0.7 in the narrow region compared to the other methods of H evaluation,
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Figure 7: Inter-burst duration PDF for the order dis-balance event time series.
Sub-figures show PDFs of the following stocks: AAPL, AMZN, GOOG, INTC.
Values of thresholds are given in the plot labels of sub-figures. The plots are red
for the lowest thresholds, green for the higher values and blue for the highest.
Straight lines, power-laws with exponents γ2 = 1.3, guides the eye.
Table 3: Hurst parameter H evaluated by the burst and inter-burst duration
method for the five stocks order dis-balance real and event time series.
Exponents AAPL AMZN GOOG INTC MSFT
H, real time 0.72 0.74 0.75 0.70 0.70
γ2 1.28 1.26 1.25 1.30 1.30
H, event time 0.73 0.72 0.71 0.68 0.68
γ2 1.27 1.28 1.29 1.32 1.32
see table 2. The average value of H for all stocks calculated from the real-time
series is 0.72 and calculated from the event time series 0.7. These findings serve
in a favor for the proposed method to evaluate Hurst exponent from the burst
and inter-burst duration analysis. From our point of view, this advantage of the
method is related to the dependence of the evaluated H only on the correlations
of the noise increments and low sensitivity to the other non-linear origins of
power-law statistical properties.
4 Discussion and conclusion
Power-law statistical properties are the characteristic feature of social systems.
The financial markets providing us with a vast amount of empirical LOB data
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exhibit such power-law statistical properties as well [42]. Here we investigated
burst and inter-burst duration statistical properties in the order dis-balance
time series seeking to develop the test for the presence of long-range memory.
Our previous analysis of burst and inter-burst time statistical properties in the
time series of absolute return and trading activity has shown that the observed
property of long-range property might be spurious [22,23]. Thus the search for
real long-range memory property with correlated stochastic increments in the
limit order flow has become of greater interest.
Here we demonstrate, that order dis-balance time series have many pecu-
liarities related to the stock considered. The order flow intensity, the range of
order dis-balance fluctuations, the exponents of PSD, and other measures of
long-range memory are varying for different stocks. PSD with two power-law
exponents reveals the complexity of these time series. Though the values of β1,2
fluctuate considerably from stock to stock, values of (β1 + β2)/2 give a much
better estimate of H.
We implemented the second, widely used rescaled range method to evaluate H
for the real and event time series. Though the defined values of H are scattered,
they are comparable for the real and event time series and with the estimate
from the PSD. Fluctuations of Hurst parameter around H = 0.7 are comparable
with defined in order arrivals studied by Lillo, Mike and Farmer [27, 38] showing
statistically significant variations of the estimated values of H for different stocks.
Despite considerable variations of Hurst parameter the R/S method confirms
the long-range memory property.
The third MF-DFA method applicable to the non-stationary time series
gives us additional information on whether the order dis-balance time series
are mono-fractal or multifractal. This information is essential for comparing
statistical properties observed in the order dis-balance and absolute return time
series [37, 39]. The MF-DFA implemented for the LOB data confirms that
order dis-balance real and event time series are mono-fractal for the considered
stocks. The observed dependence of H(q) on q is low and can be compered
with the H(q) variations from stock to stock. For the absolute return real-time
series extracted from the AAPL LOB data, Fig 5, H(q) exhibits much stronger
non-linear dependence. The detailed analysis of multifractal spectra is itself
effort consuming task [40]. Here we made very preliminary multifractal testing
of order dis-balance time series concluding mono-fractal behavior. Even for the
absolute return, multifractal behavior disappeared when we switched to the
event time series, see Fig 5. Values H(2) defined by MF-DFA are slightly lower
than H defined by the R/S method and confirm that widely used long-range
memory estimators give varying results.
We investigated statistical properties of burst and inter-burst duration in
order dis-balance real and event time series seeking to develop one more test of
long-range memory. The big choice of LOB data available and high expectation
that the order flow has a real long-range memory property attracted our attention
to this type of social system. The results of this empirical analysis are given
in Fig 6, Fig 7, and Table 3. All calculated histograms of inter-burst duration
for the five stocks investigated can be well-fitted in the interval of three orders
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for the real-time series and in the interval of four orders for the event time
series by the same power-law with exponent γ = 1.3. Though the more precise
numerical evaluation of the exponents γ, see results in Table 3, are slightly
dispersed, corresponding values of Hurst exponent are in a very narrow region
around 0.7. From our point of view, these results confirm that the limit order
flow exhibits real long-range memory, and with high probability, this property
may be independent of the stock and time definition.
Our expectation that burst and inter-burst duration analysis can give an
additional value in the estimation of long-range memory property is based on
the previous study of the first passage time problem in birth-death processes
and the duration PDF in-variance regarding non-linear transformations of the
time series [22,24,34,41,43]. This empirical analysis of LOB data strengthens
our expectation providing evidence that the definition of Hurst exponent using
burst and inter-burst duration analysis can be more reliable in comparison with
other widely used methods. Much more extensive study of LOB data in various
markets and trading periods is needed to evaluate whether the observed long-
range memory is the universal property of the order flow in financial markets.
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